This work presents a mechanism by which non-reciprocal wave transmission is achieved in a class of gyric metamaterial lattices with embedded rotating elements. A modulation of the device's angular momentum is obtained via prescribed rotations of a set of locally housed spinning motors and are then used to induce space-periodic, time-periodic, as well as space-time-periodic variations which influence wave propagations in distinct ways. Owing to their dependence on gyroscopic effects, such systems are able to break reciprocal wave symmetry without stiffness perturbations rendering them consistently stable as well as energy self-reliant. Dispersion patterns, band gap emergence, as well as non-reciprocal wave transmission in the space-time-periodic gyric metamaterials are predicted both analytically from the gyroscopic system dynamics as well as numerically via time-transient simulations. In addition to breaking reciprocity, we show that the energy content of a frictionless gyric metamaterial is conserved over one temporal modulation cycle enabling it to exhibit a stable response irrespective of the pumping frequency.
I. INTRODUCTION
Inertial and elastic components represent the building blocks of metamaterials and phononic crystals which have been predominantly utilized to manipulate incident waves over the past few decades [1] [2] [3] [4] . Wave control mechanisms have thus far been limited to modulations of mass and stiffness in spatial domains [5] [6] [7] [8] , temporal domains 9 , or both 10 . Alternatively, angular momentum arising from the rotation of distributed masses combined with the gyroscopic effect can bring about intriguing mechanical features. Examples include gyroscopic stabilization [11] [12] [13] , vibration control through distributed and discrete networks of gyroscopes 14, 15 , spacecraft attitude control 16 , shielding cloaks 17 and, most recently, backscattering immune edge states 18, 19 . In the latter, gyroscopic metamaterials are created by a two-dimensional network of objects rotating at a constant speed with the purpose of realizing topological edge states inspired by the Quantum Hall Effect. Contrary to dissipative elements, gyroscopic effects (herein called Gyric after D'Eleuterio 20 ) are of a conservative nature, and do not drain the system's mechanical energy since gyroscopic forces are always orthogonal to the velocity vector. Furthermore, unlike the mass and stiffness, which are understandably difficult to modulate, angular momentum is not an inherent property of the medium but rather an outcome of a rigid body rotation (e.g. a rotor) at a desired speed. As such, a system's angular momentum can take on different values (small or large, positive or negative) and is simply tuned by adjusting the rotation speed in real-time.
In this effort, we examine dispersion characteristics, as well as non-reciprocal wave phenomena, in a class of gyric metamaterials (GMMs) which comprise a set of embedded spinning rotors. Unlike conventional rotating periodic structures 21 , GMMs presented here are capable of incorporating angular momentum modulation in space, time, or both space and time independent of its constitutive mass and stiffness matrices. Gyric effects appear in the governing GMM dynamics as moments induced by a change in the angular momentum vector. A specific interest of this work is the illustration of non-reciprocal wave phenomena in GMMs stemming from breaking their wave transmission symmetry. Breaking wave reciprocity in linear systems has been a growing focus of recent acoustic and elastic metamaterials research [22] [23] [24] . It has been shown that the induction of linear or angular motion, whether physically [25] [26] [27] or artificially [28] [29] [30] can instigate non-reciprocal wave propagation. On the realization front, some efforts have proposed the achievement of non-reciprocal systems via external stimulation of adaptive structures, e.g. using electrical fields 31 , magnetic fields 32 , or alternatively via torsional mechanical waves 33 . Nonetheless, most if not all of these investigations target a modulation of the system's stiffness properties, which risks influencing structural aspects. Stiffness modulations also often require hard-wiring as well as electrical shunt circuits rendering them experimentally tedious 34 . In addition to operating with an unperturbed stiffness matrix, non-reciprocal GMMs have the ability to exhibit negative values of angular momentum h(x, t) at any location x or time instant t, simply by reversing the direction of rotation. The latter can be a cumbersome task in stiffness-modulated systems, or at least not feasible without an added layer of active control. As a result, they provide a much larger range of parameters and design flexibility. Finally, as will be shown, time-periodic GMMs reliably exhibit a stable response and a bounded energy content, irrespective of the pumping frequency required to onset the modulation; a feature which is not possessed by systems with time-periodic elastic fields 35 .
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II. STRUCTURAL DYNAMICS OF A GYRIC BODY
Inspired by previous efforts on gyro-elastic continua 20 and the modified Newton's second law 36 , we start by investigating the linear dynamics of a gyric rigid body. The body comprises a distributed mass B with an embedded spinning rotor R, as depicted in Fig. 1a , which represents the building block of a periodic gyric structure. Unlike conventional elastic metamaterials where the outer body is connected to an internal resonator and transmits a force to it 37, 38 , the interaction between the outer and inner components here is rather a gyroscopic moment emerging as a result of the change in the total angular momentum vector of the gyric body (i.e. B + R). The same moment is also responsible for the precession phenomenon of a spinning top 39 . The magnitude of the gyroscopic moment is proportional to R's angular momentum as well as B's rate of rotation. The direction of the moment, however, is governed by the right-hand rule and is therefore binormal to both of the rotational directions of R (z-axis) and B (x-axis). As a result, it influences the dynamics of the system in the y-direction. The previous instigates cross-coupling between the dynamics of the body in the x-and y-directions. We assume the system is fixed about the z-axis and study the two rotational degrees of freedom θ x and θ y . In the absence of elastic (restoring) and frictional forces, the governing equations of motion are found by a simple moment balance as
III. WAVE PROPAGATION
In this section, different types of gyric lattices are devised and studied in order to explore the full potential of GMMs in manipulating incident elastic waves. In its most general case, a GMM is formed by connecting multiple gyric unit cells with torsional springs, such as shown in Fig. 3a . In the provided schematic, every unit cell is connected to its adjacent ones through a universal joint allowing rotations in the two lateral directions x and y only and is supported with torsional springs in both directions. The entire lattice is fixed about the local z-axis. Throughout this analysis, the fundamental mechanical properties, i.e. stiffness and inertia, are kept completely unchanged in the different proposed GMM configurations, in addition to being invariant spatially and temporally. Instead, the angular momentum h is varied in different ways to onset band gaps, as well as break wave reciprocity and transmission symmetry. As a result, such GMMs provide the additional advantage of realtime tunability as well as a switchable platform between different functionalities, as will be detailed.
Although asymmetric elastic and inertial properties about the x-and y-axes might provide an additional degree of design flexibility, it is rather challenging to control these properties in real-time. Therefore, we limit our analysis to k x = k y = k and J x = J y = J in order to isolate the angular momentum role in tuning the dispersion profile from other parameters. In the following subsections, we discuss the dispersion of elastic waves in GMMs with uniform, space-periodic, time-periodic and space-time-periodic angular momentum distributions, and follow that with a numerical time-transient verification of the fully simulated system in the last section. Consider an infinite lattice made of gyric unit cells, as shown in Fig. 3a , where the index n specifies the global position of each cell on the z-axis with respect to the origin. We start by setting an identical and time-invariant h for all cells. Consequently, the n th unit cell equations in the frequency domain can be written as
where i = √ −1. Owing to the periodicity of lattice, a solution of the form θ
can be adopted, where κ is the non-dimensional wave number. Substituting the solution back in Eq. (4) gives
with the corresponding Bloch modes (eigenvectors):
where Ω = ω ω0 is the dimensionless frequency, Ω h = ω h ω0 is the dimensionless angular momentum of the spinning rotors, and ω 0 = k/J is the natural frequency. The group velocity at the long wavelength limit (c g = dΩ/dκ) is zero, indicating that the introduction of angular momentum results in a vanishing speed of sound in GMMs with a uniform h distribution. We also note that the ± appears in both Eqs. (5) and (6) In essence, for each mode, two coupled orthogonal transverse waves travel in the spanwise direction of a 1D medium with identical wavenumbers and magnitudes. Henceforth, we refer to each of these coupled transverse wave pairs as a wave-mode. Therefore, the two wavenumbers κ + and κ − correspond to two separate wave-modes propagating in the GMM, both expected to materialize in the lattice simultaneously for any given excitation.
A frequency band gap forms in the range where κ is complex-valued. As such, given Eq. (5), it is evident that the [1, i] mode is attenuated in the ranges 0
Each of these cases corresponds to a partial band gap where one mode attenuates and the other freely propagates. A complete band gap, where both modes are suppressed, occurs in the shared frequency range
. These ranges as well as the corresponding attenuation degree, i.e. Im(κ), are graphically illustrated in Fig. 4 as a function of the spinning rotor angular momentum Ω h . As can be seen in Fig. 4c , the GMM maintains a bounded band gap only if Ω h < √ 2. Further, for the limiting case of Ω h = 0, the unbounded band gap (commonly referred to as a stop band 4 ) occurs at Ω > 2 which, as anticipated, matches the stop band of a discrete monatomic dispersive structure 1 . The previous characteristics are also confirmed by the GMM's dispersion diagrams shown in Fig. 5a . The middle panel represents the unit cell's band structure given by the real component of the wavenumbers while the leftmost and rightmost panels show the corresponding attenuation degrees Im(κ + ) and Im(κ − ), respectively. The dashed lines correspond to zero angular momentum (h = 0) or a non-gyric structure where Im(κ + ) = Im(κ − ). More importantly, we note that as Ω h increases, the bounded band gap forms in the leftmost panel which corresponds to the [1, i] mode. This signals that the two degenerate modes of the system start diverging until they eventually become flat single frequency bands at Ω = 0 and Ω = Ω h , as depicted in Fig. 5e . In which case, the bounded and unbounded band gaps coalesce to span the entire dispersion spectrum with the exception of these two frequencies. Upon examining the band gap ranges discussed earlier, we expect this limiting behavior to happen for Ω h 4 where
In practice, such localized flat bands, with near-zero group velocities, behave similar to standing waves associated with natural frequencies of a finite structure. As a result, the GMM manages to selectively admit both frequencies from a wide-band excitation. Such behavior has been also recently reported in time-periodic systems where wavenumber as opposed to frequency band gaps emerge as a result of an external temporal modulation 34 . It is also noteworthy that, given the dependence on h in GMMs, this apparent band separation can be tuned in real-time by solely varying the rotational speed of the rotors. Finally, by reversing the rotation direction of R, the dispersion profile switches between the wave-modes.
Substituting Ω h with −Ω h does not influence the band structure shown in Fig. 5 (with the exception of swapping the subplots of Im(κ + ) and Im(κ − )) while perfectly exchanging the two eigenvectors. The latter being an added feature of gyroscopic systems, which has been recently utilized to induce internal cell asymmetry between neighboring unit cells thus creating topologically protected interface modes based on the quantum valley hall effect (QVHE) 40 .
To shed light on the band gap generation mechanism in GMMs, consider a lattice made of the equivalent non-gyric unit cells as shown in Fig. 3b . To establish dynamic equivalence, the non-gyric lattice exhibits a frequency-dependent effective stiffness k eff to compensate for the embedded spinning rotor in its gyric counterpart. The dispersion relation for such lattice becomes
and by comparing Eqs. (5) and (7) and solving for k eff , we get
Effective stiffness properties of a dynamically equivalent non-gyric lattice for increasing values of Ω h Fig. 6 captures the relationship between Ω and k eff for different values of Ω h . It confirms that the stiffness of the equivalent non-gyric lattice exhibits negative effective values within the range 0 < Ω < Ω h for the [1, i] mode only. Further, the negativity switches between the the two wave-modes with an angular momentum sign change, which correlates well with the predicted band gaps.
B. Space-Periodic Angular Momentum Variation
Next, we examine a phononic GMM with a spatially periodic pattern by setting the rotor speed of every other cell equal to zero. In which case, we are able to model the steady-state dynamics of the n th and (n − 1) th successive cells via the system of equations given by
where
and
Eqs. (9) through (12) constitute four coupled mechanical resonators. As a result, we expect at most four different modes to appear in the system's response. Similar to the previous section, the number of modes is reduced by half for a vanishing angular momentum (i.e. h = 0). Given the GMM's periodicity, a Bloch-wave solution of the form θ
x,y e iκ and θ
e −iκ is employed. Upon substituting in Eq. (9), we obtain the dispersion relation It is evident that the ±Ω h Ω term in Eq. (13) vanishes as Ω h approaches zero, causing a reduction in distinct wave modes. Band gap regions and attenuation degrees for different values of Ω h are shown in Fig. 7 , with the corresponding dispersion diagrams in Fig. 8 . As predicted, the space-periodic GMM exhibits four distinct wave-modes resulting from the split of each of the acoustic and optic modes. The dashed lines correspond to a zero angular momentum value associated with a conventional non-gyric lattice with acoustic and optic modes only and no band gaps. The bottom panel of Fig. 8 depicts the large angular momentum scenario where the GMM effectively acts as a wide-band filter for all frequencies with the exception of Ω = 0, Ω = √ 2 and Ω = Ω h (represented by the flat branches in the figure) . In other words, the lower band approaches zero, the upper one tends to Ω = Ω h , and the two inner modes converge to a single band at Ω = √ 2.
C. Time-Periodic Angular Momentum Variation
Inspired by efforts in utilizing time modulated material properties for frequency conversion and amplification 9,34,41 , we next examine a time-harmonic GMM obtained by imposing an oscillating h with a pumping frequency ω p across the entire gyric lattice. The time variation is given by h(t) = h 0 +h 1 cos ω p t, where h 0 and h 1 are the average (bias) and oscillation amplitudes, respectively. Consider a time-periodic GMM realized by means of a mechanical torque imparted to each spinning rotor and given by T (t) = dh/dt = −h 1 ω p sin ω p t. The torque can, for example, be supplied by an internally embedded motor with an instantaneous powerṖ
where J r is the rotational inertia of the rotor about its principle z-axis. As such, the required power to overcome the rotational inertia of the rotor is approximately upper-bounded bẏ P e ∼ = ω p h 1 (2h 0 + h 1 )/2J r (an exact upper bound exists, but is omitted here for brevity). For a frictionless setup, the net amount of energy injected into the system per one temporal cycle is
independent of ω p , which can be attributed to the π 2 phase shift between the angular momentum and the electromotor torque. This behavior is reminiscent of forced harmonic oscillations of an undamped spring-mass system, where zero energy input is required to maintain oscillations at a desired frequency. It should be noted, however, that in the presence of friction or damping, a net positive amount of energy is needed to sustain the time-periodic angular momentum profile.
The time-periodic GMM's motion equations are given by
In deriving Eq. (16), we still maintain uniform stiffness and inertia along both transverse axes and the spanwise direction of the GMM lattice. We also assume that the inertia of the unit cells are not significantly affected by the temporal variation of the rotor's angular momentum. In practice, this is achieved by tuning the angular momentum via controlling the speed, rather than inertia, of the spinning rotors. By taking spatial periodicity into account, i.e. θ (n+1) x,y (t) = e −iκ θ (n)
x,y (t), and θ
x,y (t), and dropping n, Eq. (16) simplifies to (17) and exploiting harmonic balance results into a second order eigenvalue problem in terms of λ and κ. According to the Lyapanov-Floquet theorem 44 , the temporal nature -and thus stability 45 -of the wave propagation is dictated by the characteristic exponents. As a result, it is beneficial to consider the free-wave case by casting the dispersion relation as a quadratic eigenvalue problem in terms of Λ = λ/ω 0
where I and O are identity and null matrices of a proper size. The entries of the dimensionless matrices Ψ (j) for j = 1, . . . , 4 are given by
where Ω p = ω p /ω 0 is the dimensionless temporal modulation frequency, l and q ∈ Z, and δ l,q is the Kronecker delta which is equal to one for l = q and zero otherwise. In addition, the rotation vectors (Φ x and Φ y ) are
x,y , . . . , φ
x,y , φ
The vector in Eq. (21) can be truncated as long as the summation in Eq. (18) remains bounded; a guaranteed property of a Fourier series provided a sonic blow-up does not happen 46 . In other words, approximate dispersion diagrams can be generated by seeking non-trivial solutions of the truncated version of Eq. (19) . Note that the appearance of Ψ (1) and Ψ (4) is solely attributed to the time-periodic angular momentum variation. The stiffness matrix of the system is also influenced since a centripetal term is subtracted from the diagonal terms in the third matrix, as evident by Eq. (20c). By setting Ω p = 0, we should reconstruct the problem outlined in section III A.
As previously stated, unlike stiffness and density in non-gyric metastructures, the angular momentum h is not limited to positive values. Consequently, time-periodic GMMs can be generally classified into three groups based on the modulation amplitudes h 0 and h 1 . The first group comprises GMMs with zero bias angular momentum (h 0 = 0) and h 1 > 0. The second group is systems with a nonzero bias (h 0 > 0) and h 1 < h 0 . The third group has h 0 > 0 and h 1 > h 0 . The previous classification is in addition to the traditional division of time-periodic systems into slow (Ω p < 1) and fast (Ω p ≥ 1) modulation regimes 28 . Fig. 9 shows the dispersion patterns corresponding to the first category for various modulation regimes. Note that the effect of h 0 = 0 is a separation of the otherwise identical dynamic modes of the system as well as an up-shift of one of them by an amount h 0 /Jω 0 in the Ω − κ plot. Consequently, we only consider the zero-bias modulation amplitude category since the behavior of the remaining cases can then be readily extracted. Note that the time-periodicity augments the dispersion profile with a periodicity along the frequency axis. That is, band diagrams at higher frequencies are repetitions of the frequency range [0, Ω p ]. As a result, dispersion curves plotted within the ranges of κ ∈ [−π, π] and Ω ∈ [0, Ω p ] provide sufficient information about the propagation metrics of the time-periodic GMM. Furthermore, there does not exist any wavenumber band gaps (or complex λ value with temporal instability 47 ) regardless of the speed or amplitude of the modulation. The latter indicates that a time-periodic GMM does not support unstable solutions with exponentially growing components as a result of complex eigenvalues. An observation which is in compliance with Eq. (15) stating that the energy content of a timeperiodic GMM is conserved over one modulation cycle. A detailed discussion of the stability of this class of GMMs will be separately addressed in a future effort. A parametric study on the effect of dimensionless pumping frequency Ω p on the band gap width and range is depicted in Fig. 10 for the three cases shown in Fig. 9 . It is noted that the band gap width generally increases with the pumping frequency in every case, albeit not monotonically.
D. Space-time-periodic Angular Momentum Variation: Breakage of Reciprocal Symmetry
As outlined so far, a distinct advantage of GMM systems is the ability of an angular momentum (induced via a set of embedded spinning rotors) to influence elastic waves, onset band gaps and, more importantly, tune them in real-time by solely adjusting the rotation speed. In this section, we exploit such features to introduce a traveling-wave-like modulation of angular momentum with the intention of breaking the reciprocal symmetry of elastic waves in the GMM lattice. Consider the following space-time-periodic waveform for h:
for a GMM consisting of an infinite number of "super cells", each of which containing N unit cells with the prescribed time-varying angular momentum. Also, n is the unit cell index and κ p = 2π/N is the spatial modulation frequency. It is worth noting that, unlike the time-periodic lattice, the angular momentum of adjacent unit cells here carries a 2π/N phase difference. For convenience, we rewrite the governing motion equations for every N gyric unit cells in the following LTP form
T is the rotation vector, J = JI is the inertia matrix, and I is an identity matrix of size 2N . In the absence of non-conservative constituents, G(t) takes the form
from which it can be inferred that G(t) is a time-periodic skew-symmetric block matrix, i.e. G(t + τ p ) = G(t) = −G † (t) with (•) † denoting the complex-conjugate-transpose operation. In Eq. (24), H(t) = diag{h
(1) (t), h (2) (t), ..., h (N ) (t)}. Furthermore, the stiffness matrix K(κ) is explicitly
where the Hermitian matrix Γ(κ) is found to have the following general form for N ≥ 3:
In order to study propagation of linear elastic waves in the space-time-periodic GMM described by Eq. (23), we build on the plane wave expansion method established for spacetime modulated systems with N = ∞ 29, 48 . Correspondingly, we utilize a Bloch solution of the form Θ(t) = Φ(t)e λt in which the amplitude vector Φ(t) is τ p -periodic. As such, Φ(t) and G(t) can be replaced with their Fourier series representations
whereΦ l andĜ q are the associated Fourier vector and matrix coefficients. By substituting in Eq. (23) and exploiting the harmonic balance, we get . In addition, the vector V is obtained by stacking all theΦ q from q = −∞ to ∞ as follows
Solving the eigenvalue problem in Eq. (28) yields dispersion diagrams of the space-timeperiodic GMM. For any given κ, only 2(2N ) solutions are fundamental modes that can be identified using the magnitude of the associated eigenvector components 48 (see supplementary material for more on dispersion band reduction 49 ). Fig. 11 shows the dispersion plots for a uniform, space-periodic, and space-time-periodic (with two different modulation speeds) for a GMM with 3 gyric unit cells per super cell (i.e. N = 3) and h 0 = 0. The dispersion behavior in the first two cases is fully reciprocal, with band gaps emerging in Fig. 11b due to the spatial periodicity. By imposing a temporal modulation with a frequency Ω p = 0.2, the GMM's transmission symmetry is broken and the dispersion becomes non-reciprocal (Fig. 11c) . Note that band gaps corresponding to left-propagating waves up-shift a/o down-shift by an amount Ω p ; a behavior which is in agreement with the observed robustness 33 and quantization 50 of non-reciprocal band gaps in space-time modulated systems. As indicated earlier, the GMM uniquely maintains stability at fast modulation speeds, in contrast to stiffness modulation in elastic metamaterials 29 . An example of a fast modulation is Ω p = 1.2 in Fig. 11d . The result is a much greater degree of distortion and asymmetry in the dispersion curves, albeit without wavenumber band gaps or complex frequencies. Finally, it is noted that 10 harmonic modes are included in Fig. 11d , whereas one mode sufficiently predicts the dispersion behavior with a reasonable accuracy in the low-speed modulation case.
IV. NUMERICAL VERIFICATION
To verify the dispersion predictions detailed in Section III, the transient response of a finite 1D GMM lattice with 300 cells is numerically computed via full wave simulation and is used to evaluate the GMM's actual dispersion contours. The GMMs in the simulations are subjected to a broadband force imparted at the center of the lattice such that both forward and backward traveling waves can be captured simultaneously. The excitation is a Gaussian wave packet whose frequency content spans the frequency range of interest. We solve for the time-dependent displacement field of the lattice using MATLAB's "ode45" function with 1e-6 relative tolerance and an output time step of 5 ms. A Hamming window is also incorporated to compensate for the truncation of signal to the first 15 secondsbefore it reaches spatial boundaries. A two-dimensional Fourier transformation (2DFT) is then applied in both space and time to numerically reconstruct the dispersion diagrams of each individual case. The 2DFT is given by
where t end is the total simulation time. In here, a grid of 200 × 200 is used to represent the transformed displacement amplitude in the κ − Ω space. Figs. 12a-c graphically display the recovered dispersion behavior corresponding to a finite GMM lattice with time-invariant uniform distribution of angular momentum. The numerical contours are in strong agreement with the theoretical dispersion predictions, plotted via dashed lines for comparison. Note that as Ω h increases from zero, each dynamic modes of the system splits into two separate wave-modes, as shown in Fig. 12b for Ω h = 1. By further increasing the speed of the spinning rotors, they converge to two flat modes at Ω = 0 and Ω = Ω h effectively suppressing almost the entire frequency spectrum. The second set of simulations, shown in Figs. 12d-f, correspond to the spatially periodic gyric lattice which comprises a zero angular momentum for every other unit cell. In this case, the two initially repeated wave-modes of the non-gyric lattice (Fig. 12d) turn into four distinct wave-modes (Fig. 12e) as Ω h grows from zero to one. By further increasing Ω h , the two middle wave-modes coincide to form a single standing-wave (flat) mode at Ω h = √ 2 while the two other bands become nearly flat at Ω = 0 and Ω h , with the number of unique dynamic modes reduced to three (Fig. 12f) . Once again, the GMM becomes an almost allattenuation structure suppressing the bulk of the frequency spectrum. Interestingly in this case, the wave mode emerging at Ω = √ 2 appears to be dominant (since it's a coalescence of two modes as evident by the contour amplitudes). In keeping with the previous cases, numerical simulations are used to validate the dispersion predictions for the time-periodic GMM. Fig. 13 shows the behavior of the time-periodic GMM for select modulation cases at Ω p = 1.5. Fig. 13a corresponds to h 0 = 0 and h 1 = Jω 0 . The repetition of the first extended Brillouin zone is clearly noticeable. As the theory suggests, one band gap appears in each extended Brillouin zone that is repeated periodically at higher frequencies. Figs. 13b and c are obtained for h 0 = 0.4Jω 0 , h 1 = 0.5h 0 , and h 0 = 1.5Jω 0 , h 1 = 2.5h 0 , respectively. A near perfect agreement between the theoretical predictions and the simulations can also be observed throughout. Finally, Fig. 13d-f shows the simulation results for the space-time-periodic GMMs. Dashed lines correspond to all the dispersion bands obtained from the theoretical analysis, while the solid black lines represent the modes with greatest weights. In all the three modulation cases shown, reciprocity is broken and waves behave differently on both sides of κ = 0.
V. CONCLUSIONS
This work has showcased gyric metamaterials (GMMs) as an alternative class of metamaterials which can effectively exhibit wave manipulation capabilities culminating in band gaps as well as non-reciprocal transmission without necessarily requiring a mass or stiffness modulation. By tuning the rotational speed or direction of a set of embedded spinning rotors, a wide range of spatiotemporal distributions of the angular momentum of the lattice's unit cells can be achieved. Such variations have been shown to onset band gaps in the frequency spectrum and/or induce one-way directivity as needed. A combination of theoretical dispersion analyses as well as numerical time-domain simulations have been utilized to show the ability of the angular momentum modulation to achieve some of the fundamental and most recent developments in non-reciprocal systems and metamaterial-based wave guides. Unlike inertia and stiffness, angular momentum is not an inherent property of the material and can, therefore, be handily tuned by solely controlling the speed of rotors. As such, a gyric lattice can near-instantaneously switch between a set of different desirable functionalities by design. Such tunability becomes even more significant in the context of non-reciprocal wave phenomena and space-time-periodic systems, where a certain degree of online control over the system's mechanical properties is critical. Further, given their dependence on gyroscopic effects, in a frictionless setup, GMMs can be classified as conservative systems which do not dissipate mechanical energy into heat or other disorganized energy forms. Finally, the analysis undertaken here illustrated that non-reciprocal GMMs remain reliably stable at high pumping frequencies. Future directions of this work include an experimental realization of this class of time-periodic gyric lattices as well as a rigorous Lyapunov-based investigation of the different stability metrics of such GMMs. 
